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A STRONG TYPE (2,2) ESTIMATE FOR A MAXIMAL
OPERATOR ASSOCIATED TO THE SCHRODINGER EQUATION
BY
CARLOS E. KENIG' AND ALBERTO RUIZ

ABSTRACT. Let T*{(x) = sup»o| T, f(x)|, where (T,f)"(§) = e¥f()/1¢]'/%. We
show that, given any finite interval I, f;| T*f? dx < C, [g|f(x) |’ dx, and that the
above inequality is false with 2 replaced by any p < 2. This maximal operator is
related to solutions of the Schrodinger equation.

Introduction. Let u(x, t) be the solution of the initial value problem i du(x, t)/0¢
= 32%u(x, t)/3x%in ¢t >0, lim,_, u(x, t) = f, for f say in L*(R), and where the limit
is to be understood in the L’-sense. By taking Fourier transforms, it is easy to see
that u(x, t) = S, f(x) = [*2 e/ f(£) dt. In [C), L. Carleson raised the question:
Under what conditions does u(x, t) —,-¢ f pointwise a.e.? Carleson showed in [C]
that if f belongs to the Sobolev space H*(R) = { f € LX(R): [|f({) (1 + |£P) dE <
oo}, s=1/4, u(x,t)—> f ae. as t > 0. He also constructed an example of an
f e H'¥R) such that u(x,t) does not converge to f a.e. In [DK], the authors
showed that, in fact, given s < 1/4, there exists f € H°(R) so that u(x, t) does not
converge a.e. to f. Carleson obtained the positive result by showing (using the
Kolmogorov-Seliverstov-Plessner method (see [KS])) that if #(x) is an arbitrary
measurable function of x, then the operator S, f(x) = [X2° e b (&) dt satis-
fies the inequality | [, Sy f(x) dx|< C|| fll /4, for f € C°, with C independent of
t(x) and f. This inequality is enough to guarantee almost everywhere convergence,
but does not answer the question: What are the mapping properties of the maximal
operator Sf = supg.,<,|S, f(x)|?

In this note we show that given any finite interval I C R, we have the ‘strong type’
inequality [;| Sf|* < C,|| f||%/+, where C, depends only on I. Moreover, the example
in [DK] shows that the above inequality fails if || f|| 51+ is replaced by || f|| ;= for any
5 < 1/4. Instead of treating the operator S for f € H'/%, we study the maximal
operator Tf = supg,<,|T,f(x)|, where T,f(x) = [%2 e™*e"f(£) d¢/|€|'/*, and
f € LY{R) now, and we show that

f, I TR < Cll f22q-

Moreover, the example in [DK] shows that the inequality

1< Gl
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240 C. E. KENIG AND ALBERTO RUIZ

is false for every 1 <p < 2. Thus, we encounter the curious phenomemon of a
‘natural’ maximal operator for which the interval of p’s on which it is strongly
bounded is not open. The operator, of course, involves cancellations. Examples of
maximal operators with this property have been recently found in [NRS]. Their
examples differ from ours in that they deal with positive operations, and therefore,
cancellation is not an issue for them.

As in [C], our method of proof relies on the Kolmogorov-Seliverstov-Plessner
ideas. We fix a function #(x), 0 < #(x) <1, and consider the composition of T, ,,
with its adjoint T,,. By using asymptotic expansion and estimates for certain
trigonometric integrals, we bound the L>-norm of T, (7,,,)*, independently of
t(x).

Finally, we would like to point out that many questions in this area remain
unanswered. For example, we know that T is unbounded on L7, p < 2, and bounded
on L2 Is T bounded on L”, p > 2? This result should be true but is not obvious
since T is not a positive operation.

What are the analogues of our results for the Schrodinger equation in higher
dimension?

What happens if, instead of the Schrodinger equation, we consider other (not
necessarily constant coefficient) evolution equations of the same ‘kind’?

Finally, we would like to point out that many of the integrals appearing in the
sequel are not absolutely convergent, and should be interpreted suitably as ‘oscilla-
tory’ or improper integrals. We have systematically ignored this point to avoid
burdensome technical details.

REMARK (ADDED IN PROOF). A. Nagel and E. M. Stein have recently given a
simpler proof of the positive part of Theorem 2, using only the case §, = 0 of
Proposition 1.

1. In this section we will establish our main result (Theorem 2). Our main tools are
Propositions 1 and 2, which involve some (rather technical) estimates for trigonomet-
ric integrals. In order not to interrupt the flow of the proof of the main theorem, we
postpone the proof of Propositions 1 and 2 until §2.

PROPOSITION 1. For a, b, §, € R, we have

< C .
|al'/* |26 + a]/*

j’+°°ei(a£+h£2) 43
-0 [€]'/41&, — €14

PROPOSITION 2. Fora,b ER, 1 = b >0,

-1/2

oo agrpeny 4§ [T -\ -i(a?/4b b
/—w e(e+bs)|ﬂ7_\/§(l+,)e< >.W+\Ir(a,b),

where |¥(a, b)|< C/|al’*, and C is independent of b.
As in the Introduction, let u(x,t) solve idu/dt — 3%u/9x>* =0 in (-o0,

+00) X (0, +0) and satisfy lim, ,, u(x, t) = f(x), where the limit is taken in the
L?-sense. Then,

u(x,0) = S,f(x) = [ eentf(g) de.

—00
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Let Sf(x) = supg<,<,|S,f(x)|, then
THEOREM 1. For any finite interval I,
JISIE < Cilf e,
where C, depends only on 1. Moreover, if we replace 1/4 in the previous inequality by
any s < 1/4, the inequality fails.
Let us now define

TA(x) = [ "etensi(¢) e/l

-0

and Tf(x) = supy<,<,| T, f(x)| for f € L*(R). Then

THEOREM 2. For any finite interval I,

fimre<c fise,

I

where C; depends only on I. Moreover, if we replace 2 in the previous inequality by any
p <2, the inequality fails.

The positive part of Theorem 1 follows directly from the positive part of Theorem
2. The negative part of Theorem 1 was established in [DK]. We therefore turn to the
proof of Theorem 2.

PROOF OF THEOREM 2. Fix an interval I, and pick 0 <¢ € C°(R), p =1 on I.
Let #(x) be an arbitrary measurable function, 0 <e < ¢(x) < 1. Consider the
operator

RI(x) = 9(x) = [ TeerRye) dg) 2

—00

The positive part of the theorem will follow immediately if we show that
(+) [irsE<cisp,
where C is independent of 7(x) and e.
+too r+too P
RI(x)=@(x)[ ~f "t Riy) ag /el ay,
—00 —00

where the double integral is interpreted in a suitable sense. Interchanging the order
of integration,

Rf(x) = w(X)f_+°°f(y){f+°°ei<<x—y>e+r<x>e’>d&/lﬁl'/“} dy.

—00

We now apply Proposition 2 to the expression in brackets to obtain

Rf(x) = Colx) [ () 0400 (t(x)) 21 (x = ) /2(3) 14 dy

o) [ IOV =), 1(x)) dy = Vi(x) + Ux).
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But,
+oc 34
|U(x) 1< Co(x) [ f(y) dy/1x = y P4,
-

and so, since ¢ is compactly supported, [| U < C[|f[, by the classical theorem on
fractional integration (see [S]). Thus, we are reduced to showing () with R replaced
by V. We will, in fact, show that the operator norm in L? of VV* (where V* is the
L?-adjoint of V') is bounded independently of #(x) and e. This clearly implies (*) for
V. We now proceed to compute V* and V'V*f. It is easy to see that

V*f(y) = C[f(2)(2)e’ /4D (1(2)) 2 /| (z = ) /21(2) /4

and so

VVHf(x) = Co(x) fe T4 (1(x)) ™/ (1x = yl/20(x))
R @) O(1(2)) /(12— v1/20(2)) iz dy
= Co(x) [1(2)p o) { [ettemr i
(e ()(2) /(1% = yllz = pl20(x)e(2)) dy} dz

1
=C X z V4 —l‘z
o(x) [1(z)9( TR

) 2 2 1
. fe«((:—.w /412) = (x=y)? /41(x)) dy} dz
1/4 1/4
[ [x = y[*1z =y

= cp(x) [A(2)9(2)

ez(zz/41(z)—x2/4t(x))

1
(1(x)e(z))"*

[ 1 1 2x 2z ' :
'{/e""’[y {41(2)_4r(x)} +y{fu(x) 4r(z)}Lx—yt'/“lz—yl‘/“dy}dL

Now let
2x 2z 1 1
a= -, BE————.
4t(x) 41(z) 4t(z)  4t(x)
We want to estimate
JECE dy .
|x —y |4z = y|'/*

Set §¢ = y — x. Then the integral becomes
a¢
€141 (2 — x) — &/

fei((a+23x)€+ﬁfz)

which, by Proposition 1, is bounded by
C
la + 2B8x|'/4|28(z — x) + a + 2Bx|'/*
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But, a + 28x = (z — x)/2t(z) and 2B(z — x) + a + 28x = (x — z)/2¢(x), and
hence, | VV*f(x)|< Co(x) [ f(z)®(z)/|x — z|'/* dz. But then, if we again invoke
the theorem on fractional integration and the compact support of ¢, we see that the
operator norm of V'V* is bounded independently of #(x) and &, and the positive part
of Theorem 2 follows.

To establish the negative part of Theorem 2, pick f € C5°(R), even supported in
[-1,1]. As in [DK], define f(x) = f(x/t)e**/, and now define h, by A ()=
[€]'/4£.(¢). For x > 0, set #(x) = tx. The computation in [DK] shows that

| Th (%)= = g(x),

1(x)

e e

which is independent of ¢. Fix a p < 2, and an interval / (which we may assume is
contained in (0, 00)) and suppose that

f| TfP < c,]mp for all f € L7(R).
1

Then,

[18000 = [I Tsh (0P < [1Th ()P < G f1hp.

We now proceed to estimate the L?-norm of h,. Note that the L?” norm of f is
bounded by ¢'/7, while

(£) = 10/ + 2 f(x /e,

and hence ||(£)1, < Ct'/P~% as t — 0. An application of the three lines theorem to
h (&) =|£Ff(§), 0 <Rez<1, shows that Nal, < Ct'/PO=1/O/p=201/4 =
Ct"/P=1/D_Therefore, [;|g(x)|? < C,Ct""/?~/? which is a contradiction as ¢ — 0
since g is not identically 0. Theorem 2 is established.

2,

LEMMA 1. Let f be a monotonic function, and consider the integral I =
[P e'® ) f(x)dx. Then if (i) either dp/dx = X\ or do/dx < -\, A >0, in [a, b, and
do/dx is monotonic, |I|< Cmax,, |f(x)|-1/\, and if (ii) d*o/dx* =\ or
d*@/dx* < -\, A >0, then | I|< Cmax, , |f(x)] - 1/N/%

Proor. The proof follows immediately from the classical Van der Corput esti-
mates (see [Z, Volume 1, p. 197)).

We will now use Lemma 1 in a standard way to estimate a trigonometric integral.
Since the proof is routine but tedious, it will be omitted.

Lemma 2. If B <0,

/+°°ei(2Au+u2) du < ¢
~o0 lul /418 —ul /4] |4]V*1B+ A"

We are now ready to prove Propositions 1 and 2 of §1.
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PROOF OF PROPOSITION 1. First assume that b # 0. Then, without loss of general-
ity we can assume b > 0. Let 24 = ab™'/?, and change variables, setting u = b'/ 2.
Our integral then becomes

b—l/4f+°oei(2/1u+uz)

—oC

du
|u|'/“|£0b‘/2—u|'/4'

Obviously, we can assume £,b'/? < 0. Then, Lemma 2 gives the estimate
Cb™'/4 C
|A1741 4+ £bV214 Ja]'/*| 268 + a]

as desired.
If b = 0, as the Fourier transform of 1/|¢|'/4 equals C/| £/ (see [S]), we have
+oo dé¢ e Hox 1
e'at =C? dx,
f-oo [€]'/*1&, — &1'* '/|x|3/4|a_«‘€|3/4

and it is very easy to see that the absolute value of the second integral is dominated
by C/|a|'/?, as desired.

PROOF OF PROPOSITION 2. We can assume a > 0. Change variables to t = b'/%¢,
and set 24 = ab~'/2. The integral then becomes

+oo | dt
-1/2+1/8 iQAt+1%)_ %
b / e P I(a,b).

-0
Assume first that 0 < 4 < 2. Note then that b-/%/|a/2b|'/* < C/a?/%, and so in
this case it is enough to show that

C

“1/2+1/8
b 7

<

f+°°ei(2,4t+t y__* dt
|t|l/4

- 00

Note that b~1/2%1/8 = p=3/8 < C/a3/4, and so it is enough to show that the integral
is bounded. To do so, split the integral into /7! + /! + /. In the middle integral
we use absolute value inside the integral, while in the two extreme ones we use the
fact that (d2/dt?)(phase) = 2, and 1/|¢|'/* < 1, together with Lemma 1.

Assume now that 4 > 2, and split the integral into [ 24 + (542 + [1 o + [}
+ [{°. In the first integral, (d/dt)(phase) = 24 + 2t < -24, in the third one,
2A + 2t = A, and in the last one 24 + 2t = 2 4, while in all of these integrals
1/]t|'/* < 1. Hence, Lemma 1 shows that they are bounded by C/A. Hence, their
contribution to I(a, b) is bounded by

b-3/8 =£ b—3/8bl/2 zg bl/8 _ £ 1 (b]/2 /4
A 2 a 2 a 2 23/4\ a
C

1 1
_C—Z

Now,

— A'3/“f ie+gr/an_4d§
A |£|l/4

f iQAt+12)_ 4l
|t |1/4
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To study [#,, we split it into [} + [}, + [{*. The middle one is bounded, by taking
absolute value inside the integral. The two extremes ones are bounded since
1/1£|'/4 <1, and (d/d¢)(phase) = 2 + 2£/4% > 1 in both cases. Thus, the contri-
bution of [, to I(a, b) is bounded by Cb—>/®/4*/* = C/a*/*. It remains then to
show that

-A)2 a2 b2 1
-3/8 , 1(2Al+t y_ % i(a®/2by__—~ .
b [ T |'/4 Lriyqe az2617 O\ Japr

where O is independent of b. By a change of variables u = -,

A/2 _ 24 i—ay 4t dt
/:u ¢ j;i /2 4
We now apply the mean value theorem to the function 1/¢'/4, near t = 4. We thus
obtain, for A/2<t<2A (and remembering that 4 >2), 1/t'/4=1/4"*—
(5/4)(t — A)/[A + 6(1)]>/*, where 6(¢) is an increasing function, with |0(¢)|<
|t — a| . Hence, our integral becomes

-id?
e A 5 224 -4y dt
emMdn — 2o [Tt — 4)————— =T+ 1L
A /—A/z 4 fA/z [4+6(:)]

To estimate I, note that, as [£2 e’ dq = (1 + iWm/2,

A 2 T 1

m = / — —_
j:A/ze dn=(1 +1)‘/ 5 +0(A),

o 1+"/”+0—1
- AI/A’( i) 2 454

so that

Hence,

—la
_3/8 e— -1/2 3/8 1
Tl \/—-(1+1)+b 0(A5/4)

But, as 4 > 2, b3/80(1/4%*) < C/a*/*. So, all that remains to be shown is that
b73/3|11|< C/a*/*. An integration by parts shows that
ia? iA?/4

e e 24 4 0'(¢)
|[II|=C ~ —C|[| e di|.
[4+0024)])* [4+6(4,2)] /A/z [4+6(:)]*!

Now, as @ is increasing, |0(¢)|<|t — A|, we see that |4 + 6(2A4)|=|A4|, while
|A + 8(A/2)|= A/2, so that the first two terms are bounded by C/A4%4 which
produces the required bound. The integral is bounded in absolute value by

24___ 6°(1) c
/A/z [4+ 0(,)]5/4“ 45741 /A/zo (t) at

C

= 8(24) ~ 8(4/D) <~

5/4+1

as desired. Hence, Proposition 2 is established.
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